Geometry-driven instabilities yield complex wrinkle patterns in thin elastic shells. Using experiments and simulations of shells confined to a liquid bath, we demonstrate the coexistence of ordered wrinkles and disordered regions whose layout is robust. This motivates the derivation of a coarsegrained "maximum coverage" problem predicting the patterns at large. The problem illuminates how a highly wrinkled shell behaves as an ideal locking material: its dual formulation defines the shell's "locking stress", a novel tensor for describing wrinkle patterns. General principles follow, including a classification of ordered wrinkles into three elementary types, and a Fermat-like principle for their topography in saddle-shaped shells. Such rules open avenues for the design and control of wrinkle patterns with applications from microfabrication to synthetic skins. 1 2 |x| 2 into the square.
Geometry and mechanics underlie form, from the arches of antiquity to more recent, bio-inspired designs: in these, non-Euclidean geometry plays a leading role including, for instance, in the design of shape morphing membranes [1] [2] [3] . Geometry enters as well in the study of elastic patterns, involving wrinkles or some other finescale response [4] [5] [6] [7] [8] . Such patterns occur in diverse settings from textiles to graphene to biological films. A prototypical example appears in Fig. 1a ,b, where square cutouts from curved shells wrinkle upon a water bath.
Here, we present a method for deducing the leading order features of wrinkle patterns driven by geometric incompatibilities and confining loads. Focusing on the example of a curved shell pressed flat, we show how the shell deforms and wrinkles to cover up a maximum area of the plane. We derive a general procedure solving this "maximum coverage" problem, in many cases reducing it to a simple geometric construction, e.g., inscribing or circumscribing a circle to the planform of the shell.
When tension pulls wrinkles taut, they organize to minimize the work done. This principle is known as tension field theory [9] [10] [11] and solving it -for instance, to determine the wrinkle direction en masseis the first step in the far-from-threshold expansion that has explained many patterns [12] [13] [14] [15] [16] [17] . Our experiments and simulations reveal, however, that organized patterns manifest with much weaker or even lacking tensile loads. And though wrinkles have been observed in situations of confinement, such as when a sheet is pressed between rigid spheres [18] , it has remained up till now a significant challenge to predict the patterns that emerge.
Polystyrene films (E = 3.4 GPa, ν = 0.34) of thickness 120 < t < 430 nm were spin-coated on curved glass sub-strates with radii of curvature 13 < R < 39 mm. Cutouts of width 2.5 < W < 16 mm were released to a flat airwater interface with surface tension γ lv = 0.072 N/m and gravitational stiffness K = ρg. The experiments reside in the limit of weak tension γ lv R 2 Y W 2 , moderately stiff substrate KW 2 γ lv , and negligible bending stiffness BKR 4 Y 2 W 4 where Y = Et and B = Et 3 /12(1 − ν 2 ) are the stretching and bending moduli. Being shallow yet much larger than the characteristic substrate-dominated wrinkle wavelength (B/K) 1/4 W R, the shells become approximately planar while forming intricate patterns as in Figs. 1a,b and 2. Ordered, wrinkled regions appear alongside disordered regions whose local features change between trials and under perturbation, whereas their layout remains. The patterns vary with the cut out shape and sign of the Gaussian curvature κ.
To explore the role of tension, we performed simulations of shells on flat liquid substrates using a finiteelement method in ABAQUS, in the same general regime as the experiments albeit with γ lv = 0. Notably, the simulations resulted in the same patterns as the experiments, with matching ordered regions and the layout of the disordered regions the same. Two representative simulations appear in Fig. 1a,b . Others with non-constant curvature reveal the patterns are, to leading order, independent of the precise value of κ(x) and depend only on its sign (see Fig. S1 of the Supplementary Information (SI)). These and other remarkably robust features of geometry-driven wrinkling will be explained.
Wrinkle patterns can be deduced by minimizing an energy U = U elastic + U substrate = (U stretch + U bend ) + (U grav + U surf ). The central unknown is the "effective" or leading order displacement of the cut out shell, initially the graph of a function p(x) over its planform Ω. As in [15, 16, 19] , we posit the existence of an "asymptotically isometric" regime wherein minimizers have negligible albeit non-zero stretching. Its existence is not a priori clear as minimizers are generally unknown, but can neverthe- less be deduced from suitable hypotheses as explained in the SI following [20] . There, we show that the shell is effectively planar with energy U ≈ γ eff ∆A to leading order in γ eff = 2 √ BK + γ lv → 0. The effective in-plane displacement u eff (x) minimizes the areal change
while its strain ε eff (x) = e(u eff ) − 1 2 ∇p ⊗ ∇p remains tension-free (≤ 0). We recognize ∆A = A initial − A proj as a measure of the area "lost" to infinitesimal wrinkling; minimizing it maximizes coverage of the plane. Similar area-based models have illuminated situations with weak but dominant surface tension [21] [22] [23] [24] . Here, γ eff emerges as an effective surface tension promoting the shell to maximize coverage even when γ lv = 0. We note a connection with the "bending-induced" tension identified in [19] using the proposed Gauss-Euler elastica principle, wherein the condition of asymptotic isometry enters as a constraint. Our derivation of the maximum coverage problem -min ∆A subject to ε eff ≤ 0 -justifies and simplifies the G-E elastica to leading order.
While wrinkle patterns can be determined by maximizing coverage directly, the dual formulation is not only easier to solve but also reveals a novel tensor for describing wrinkle patterns called the "locking stress". Our idea is to treat the highly wrinkled shell as a so-called ideal locking material [25] , which exhibits tension-free strain ε eff ≤ 0 with negligible stress below a threshold where a component vanishes and wrinkles "lock" into place. Other examples include certain biological tissues that deform freely up to a threshold strain [26] . Confined shells behave similarly as wrinkles put under compression readily reorganize, a fact reflected by the metastable behavior of the disordered part.
We now derive the locking stress σ L (x) of a highly wrinkled, effectively planar shell. First, it is a divergencefree symmetric tensor that is compression-free (≥ 0). Second, it is perpendicular to the effective strain ε eff (x). Third, its boundary values are determined implicitly through the solution of a locking stress problem dual to the maximum coverage one and derived in its most general form in the SI. For simply connected shells (lacking holes), an Airy potential ϕ(x) for the locking stress σ L = ∇ ⊥ ∇ ⊥ ϕ is readily introduced yielding
amongst all convex ϕ(x) equaling 1 2 |x| 2 outside the planform Ω (Fig. 1c-e ). Note σ L is not the usual stress of the shell; for one, its normal boundary component need not equal γ lv . Instead, it arises as a Lagrange multiplier for the tension-free constraint predicting the wrinkle direction in the ordered part where it is non-zero. There, "stable lines" passing by definition through the principal direction of positive σ L run asymptotically parallel to wrinkle peaks and troughs. Disorder restricts to where σ L = 0 as there stable lines do not exist.
This powerful method of stable lines for predicting wrinkle patterns is demonstrated in Figs. 1 and 2. We note the existence of explicit solution formulae and accompanying geometric constructions when the (possibly non-constant) Gaussian curvature is of a known sign. If κ(x) > 0, the locking stress is that of the largest convex extension ϕ + (x) = min i θ i 1 2 |y i | 2 over pairs and triples {y i } ⊂ ∂Ω with barycenter x = i θ i y i . The formula describes an optimal partition of the shell into ordered and convex disordered parts, where stable lines connect boundary points and do not meet in the bulk. If κ(x) < 0, the locking stress is given by the smallest convex extension ϕ − (x) = 1 2 |x| 2 − min 1 2 |x − y| 2 over y ∈ ∂Ω. Stable lines extend perpendicularly from the boundary to the medial axis and disorder is ruled out.
Once the shell's locking stress σ L (x) is known, its effective strain ε eff (x) and out-of-plane displacement w(x) can be recovered via its "defect measure" µ(dx) = ∇w⊗∇w which obeys ε eff + 1 2 µ = 0. Angle brackets denote an asymptotic averaging defined in the SI for patterns from diffuse wrinkles to concentrated folds [27] . The following
Floating shells and their stable lines. Stable lines (blue) predict ordered wrinkle peaks and troughs. Geometric constructions produce explicit formulae, even absent obvious symmetries. When the shell is saddle-shaped (κ < 0), the lines obey a Fermat-like principle following paths of quickest approach to the edge. Disorder is ruled out and wrinkles decay towards the medial axis (white). Spherical shells (κ > 0) are less explicit but just as easily solved: stable lines connect boundary points in an optimal partition of the shell into ordered and convex disordered parts (white). Their layout is often revealed by inscribing or fitting a maximal circle into the planform, though sometimes a circumscribed circle applies. Wrinkles decay towards a small tensional rim. Dotted lines indicate ideal planforms used in the predictions. Experimental parameters are in Tables S1 and S2. boundary value problem is solved: first, Gauss's Theorema Egregium holds in the form ∂ 12 µ 12 − (∂ 11 µ 22 + ∂ 22 µ 11 )/2 = κ expressing conservation of curvature for asymptotic isometries; second, σ L : µ = 0 due to the perpendicularity of locking stress and effective strain; third, (σ L )ττ µττ = 0 at ∂Ω reflecting a possible concentration of the tangential component of the locking stress. Integration yields the amplitude to first approximation in the ordered part as in Fig. 3 , with corrections arising for a non-constant wrinkle direction, e.g., bend or splay [28] . Various properties follow, such as the fact that ordered wrinkles can only meet where κ(x) < 0. This is consistent with the organizing role played by the medial axis in negatively curved shells; it also predicts the generic appearance of disorder in arbitrarily curved shells.
We close with a far-reaching classification of wrinkle patterns implied by the method of stable lines. Since the locking stress σ L (x) ∼T ⊗T (x) wherever stable lines parallel toT (x) exist, an Airy potential ϕ(x) describes a developable surface, i.e., one with zero Gaussian curvature. Away from singularities, the non-planar part of any developable surface consists of cylinders, cones, or so-called tangential developables [29] . Upon projection, we discover the three classes of ordered wrinkle patterns: "cylindrical" patterns with parallel stable lines, "conical" patterns with radial lines, and "tangential" patterns with lines meeting along a curve. Each class appears in Fig. 2 .
The principles of pattern selection described here open a promising direction towards their design and control. Patterns produced by buckling rather than by direct intervention can be made easily and rapidly at large. Furthermore, the results are not necessarily permanent and Fig 1a) . Empirically, this depends on the finite wrinkle wavelength.
can be reconfigured by tuning bulk geometric or mechanical properties. Such features are attractive for a wide range of applications including anti-fouling coatings, lens arrays, smart windows, and tunable adhesives [30] [31] [32] . Open challenges include developing efficient methods for finding the stable lines of general shells, including ones with Gaussian curvature of variable sign or with holes as in Fig. 4a ,b. Others regard sensitivity to shape: perturbations as small as a few wrinkles can have longrange effects, even changing disorder to order sometimes (see Fig. S3 ). Finally, though regions lacking stable lines are currently understood as generically disordered, sometimes order presents as in Fig. 4c (see also Fig. S4 ). Often, this occurs when the region contains relatively few wrinkles. Progress on these issues, when combined with the methodology uncovered here, will provide a toolkit for bridging the gap between low-resolution, large-scale properties and fine-scale elastic patterns. Orthogonality of stress and strain S10 3. The method of stable lines S10 C. Solution of the locking stress problem for simply connected shells S11 1. The relaxed Airy potential formulation S11 2. Solutions and geometric constructions, positive curvature S12 3. Solutions and geometric constructions, negative curvature S13 D. Recovering the effective strain and r.m.s. amplitude S13 1. Defect measures and asymptotic isometries S14 2. A boundary value problem for defect measures S14 3. On the sign of curvature where ordered wrinkles meet S15 E. Worked example: a positively curved ellipse S16 F. Future directions S17 1. Sensitivity to perturbations of shape S17 2. Order in generically disordered regions S18
IV. Materials and Methods S18 A. Film preparation S18 B. Finite element simulations S18 C. Parameter ranges S18 1. Experimental ranges S18 2. Simulation ranges S18
References S19 
III. SUPPLEMENTARY TEXT
Here we describe the steps leading from the principle of minimum energy to the coarse-grained prediction of wrinkle patterns by the method of stable lines. Though our argument builds off of the approach of the first author in [1] , the current presentation is aimed at a broad audience and can be read essentially independently of the reference. For the reader interested in detailed mathematical proofs we have included various pointers locating the relevant details.
We begin in Section III A by showing how the maximum coverage problem introduced in the main text derives from coarse-graining the energy of a confined elastic shell. This prompts us to treat the shell as an ideal locking material, which we do for general planforms defining the concepts of "locking stress" and "stable lines" in Section III B, and for simply connected planforms using Airy potentials in Section III C. Once the locking stress and stable lines of a shell are known, its effective strain and displacements can be recovered as in Section III D. The reader looking for an example to help anchor the theory should consult Section III E. There, we apply it to the case of a positively curved ellipse recovering the theoretical prediction in Figure 3 of the main text. We close with a brief discussion of future directions in Section III F, focusing on the intriguing questions of sensitivity to shape and "incidental" order.
A. Elastic energy minimization and the emergence of maximum coverage
We consider the deformation of a naturally curved, thin elastic shell pressed flat by (i) fully wetted adhesion to a planar liquid bath, or (ii) attachment to a planar Winkler foundation, i.e., a bed of linear springs.
Our purpose in treating these apparently different setups is make the point that, regardless of the presence or lack of a weak tensile restoring force, elastic patterns arising from geometric incompatibility and confinement are unified through a common maximum coverage problem dictating their features at leading order. Section III A 1 presents the basic energies to be minimized and identifies the parameter regime of interest. Section III A 2 recalls the concept of "asymptotic isometries" which serves to motivate the coarse-graining we do. Finally, in Section III A 3 we derive the maximum coverage problem by passing to the effectively planar limit. Along the way it will become clear the precise sense in which we coarse-grain.
Energies and non-dimensional groups
We suppose the shell is initially the graph of a function p(x) over its reference planform Ω ⊂ R 2 with Euclidean coordinates x = (x 1 , x 2 ). Its deformation
is specified by its in-and out-of-plane displacements u(x) = (u 1 , u 2 ) and w(x) parallel and perpendicular to the initial substrate. Provided the shell is shallow, its deformation can be found by minimizing the energy [2] [3] [4] 
Here, A : B = ij A ij B ij is the usual tensor inner product and |·| is the Euclidean norm. The outwards pointing unit normal and arclength element at ∂Ω areν and ds. Physical parameters include the stretching and bending moduli Y = Et and B = Et 3 /12(1−ν 2 ) of the shell, with E its Young's modulus, ν its Poisson's ratio, and t its thickness. We use an isotropic Hooke's law relating the stress σ to the strain ε. Let W be a representative width for the planform, e.g., the radius of a disc or semi-major axis length of an ellipse, and let R be a representative radius of curvature for the shell so that its (generally non-
where R 1 , R 2 are its initial principal radii. The substrate stiffness is K and the liquid-vapor surface tension is γ lv . For the Winkler foundation γ lv = 0; for the bath K = ρg where ρ is its density and g its gravitational acceleration.
S5
Shallowness of the shell entails that its bare, geometryinduced strain arising in direct attachment to the plane is much less than one, i.e., W 2 /R 2 1. This permits various simplifications, including the use of the von Karmanlike formula for the strain
with geometric "misfit" M (x) = ∇p ⊗ ∇p, as well as the approximation of the Gaussian curvature
which we understand as an equality henceforth. We write
for the linear strain of u and (X ⊗X) ij = X i X j for the dyadic product.
a combination we recall from the appearance of Gauss' Theorema Egregium in the main text. The reference area element dx approximates the true area element dA of the shell; other such simplifications are implicit above. We note that while the addition of γ lv Ω 1 2 |∇p| 2 does not alter equilibria, it will serve to simplify the form of the expansion U ≈ γ eff ∆A to be derived.
Finally, we point out that our analysis is not limited to the specific setup of a shallow shell pressed flat, but applies mutatis mutandis to a shell on a curved substrate with small misfit or, more generally, to a situation where the misfit does not derive from an imposed change of shape but is instead due, e.g., to differential swelling or growth [5] . In these setups, the curvature of the shell κ(x) must be replaced by the difference between the intrinsic and imposed curvatures ∆κ(x) = κ intrinsic − κ imposed . With this, we can easily compare our results with those in the surrounding literature which, for instance, treat the case of a naturally flat plate pressed onto a sphere or a saddle-shape giving ∆κ < 0 or > 0.
Coming back to the problem at hand, we consider minimizing U in the following regime: we suppose the surface tension is either absent with γ lv = 0 or else is not much larger than the substrate forces in that γ lv KW 2 ; we suppose the effective tension γ eff := 2 √ BK + γ lv is much smaller than the bare, geometry-induced stress σ geom := Y W 2 /R 2 ; finally, we suppose the substratedominated wrinkle wavelength λ sub := 2π(B/K) 1/4 is much smaller than the planform width W . The latter conditions allow for the shell to become highly wrinkled, while the former ensures any applied tension is sufficiently weak. Introducing the non-dimensional groups
familiar from other studies of elastocapillarity (see, e.g., [6, 7] ) this regime becomes
Here and throughout we use X Y to denote an asymptotic relationship where X/Y → 0, and X Y to indicate a bound on the ratio from above. We write X ∼ Y to mean that X Y and Y X, or to pick out a typical value depending on the context.
Asymptotic isometries in and out of equilibrium
The first step in coarse-graining U is to decide whether minimizers are "asymptotically isometric", meaning not only that their strain ε → 0 but also that their stretching energy is negligible in comparison with the others, i.e.,
This concept was put forth in the series of papers [6, [8] [9] [10] culminating with the identification of the "Gauss-Euler elastica" variational principle in [10] which here reads
As it will help to motivate the way in which we coarsegrain, we pause to discuss how the existence of such an "asymptotically isometric regime" where minimizers satisfy (S4) can be deduced, permitting a proof that (S5) indeed captures the leading order behavior of ground and near ground states. The reader familiar with the subject may still wish to read on, as here we introduce a general approach for answering a key question highlighted in [10] :
Our analysis assumes that the minimal FvK energy can be safely evaluated through the upper bound obtained by solving the [Inverted Tension Field Theory] equations. . . Notwithstanding the agreement between our simulations and solutions of the ITFT eqs. we emphasize that the validity of the [Gauss-Euler elastica] rule hinges on the validity of this central assumption, which awaits a rigorous mathematical proof.
Finding a proof of the Gauss-Euler elastica is one of our main goals. Ultimately, our answer will be that it can be established in a certain parameter regime without reference to the details of the patterns it predicts. We summarize the relevant issues now. If the direction of wrinkling is considered known (say, due to symmetry) the required separation of energy scales (S4) can be connected to the original parameters through the use of "Inverted Tension Field Theory" [10] , an asymptotic theory built for describing wrinkle patterns in the case of very weak tension γ lv 2 √ BK ≈ γ eff and when KR 2 Y (small deformability, i.e., k 1). Following the reasoning there one expects, at least in the ordered part of the shell, for the stress to be relaxed from its bare value ∼ σ geom = Y W 2 /R 2 down to a residual value ∼ γ eff ignoring logarithmic corrections, in which case the stretching energy per unit area u stretch ∼ γ 2 eff /Y while the remaining energies
Since γ eff σ geom in the regime (S3), one predicts minimizers to be asymptotically isometric so that the formidable task of coarse-graining U should be equivalent to coarse-graining the Gauss-Euler elastica (S5). If, however, one is interested in deducing patterns this reasoning cannot be applied, as it requires a priori knowledge of optimizers. And although symmetry is sometimes a useful guide, notably even some initially axially symmetric shells exhibit a totally disordered response (see the positively curved discs in Figure 2 of the main text). Evidently, one needs a pattern-independent method of coarse-graining to predict the emergence of patterns.
The remainder of this section outlines our approach to coarse-graining U . The reader interested mainly in learning how to solve the maximum coverage problem that results can safely skip this discussion and go directly to Section III B (we do, however, recommend reading the summary of what is proved on page S8). We start by going one step beyond [10] and positing the existence of a "global asymptotic isometry regime" in which any possible state of effective tension-free strain
associated with any possible leading order displacement (u eff , w eff ) can be recovered by an asymptotically isometric "recovery sequence" (u, w) → (u eff , w eff ) minimizing energy to leading order amongst all sequences converging to the effective state. The notion of "effective strain" in (S6) is natural as it indicates the strain that must be alleviated by the development of wrinkles or some other pattern. In essence, the global asymptotic isometry regime keeps track of when optimal patterns adapted to arbitrary tension-free ε eff satisfy (S4). This is evidently more difficult to ascertain than the previous asymptotically isometric regime, which only requires minimizers to be asymptotically isometric. However, the introduction of such a globally defined regime will permit a global analysis of patterns both in and out of equilibrium, allowing us to deduce the validity of the Gauss-Euler elastica (S5) and to derive optimal patterns without a priori knowledge of their form. This passage from ground states to general states is the first key idea in our approach.
It is of course reasonable to ask whether the global asymptotic isometry regime exists. The arguments from [1] prove that it does under the following further (presumably technical) hypotheses: the planform is "strictly starshaped" in that it admits an origin x ∈ Ω from which any y ∈ ∂Ω can be reached by a ray not leaving Ω; the initial profile of the shell has second derivatives ∇∇p bounded in mean-square, i.e., Ω |∇∇p| 2 < ∞; and finally there holds in addition to (S3) the extra parameter restriction b k
1. This is non-vacuous due to our initial hypothesis that γ eff σ geom in (S3). Under these additional hypotheses, [1, Sect. 3] constructs an asymptotically isometric recovery sequence for each ε eff ≤ 0, using a "piecewise herringbone" pattern built by tiling the shell with a large number ∼ N of individually herringboned squares. (Although the construction in [1] is written out for w eff = 0, it can be altered to handle non-planar deformations as well. More on this later.) Herringbones are a familiar example of a two-scale wrinkling pattern which are known to be efficient at accomodating constant bi-axial compression [11, 12] . Our point is that by gluing many herringbones together, one can accommodate arbitrary tension-free ε eff while driving the bare stress ∼ σ geom down to a residual value estimated as N −1/2 σ geom := σ p.h. in the worst case. When σ geom N γ eff the piecewise herringbone pattern suffices to verify the global asymptotic isometry regime. Whether or not general asymptotically isometric recovery sequences exist when σ geom N γ eff is presently open.
Derivation of the maximum coverage problem
We now expand the energy to leading order in the effective tension
in the global asymptotic isometry regime just introduced.
In particular, we work in a limit where both (S3) and (S7) hold. In such a limit we claim that
when γ k, which holds for a highly stiff substrate, and
when γ ∼ k, which holds for a moderately stiff substrate. The symbol ∞ reflects an energy level significantly larger than the alternative while Γ refers to Γ-convergence, a S7 pattern-independent technique for coarse-graining to be introduced. The areal change
records the difference between the initial area of the shell and that of its deformed planform to leading order in the misfit M = ∇p ⊗ ∇p and displacement u ≈ u eff . The effective strain ε eff is given in (S6). After obtaining the expansions (S8) and (S9) and checking the validity of the Gauss-Euler elastica (S5), we explain in a final step how minimization drives w → 0 regardless of whether γ k or ∼ k. The maximum coverage problem follows.
Let us pause for a moment to address the symbol Γ appearing above. It indicates a particular sense of coarsegraining built for non-convex minimization known as Γconvergence. Standard references include [13, 14] ; see also the introduction of [1] . Conceptually, it arises from finding the largest asymptotic lower bound U eff on the energy U , with the idea being that such a lower bound
must "hug" the wells of U closely enough to coarse-grain. When combined with a so-called compactness result ensuring the abstract existence of effective states (achieved for effectively planar shells in [1, Sect. 2]), coarse-graining by Γ-convergence guarantees the following key results:
(i) the minimum energy expands as
in the relevant small parameters;
(ii) any sequence of minimizers expands as
where the effective state (u eff , w eff ) minimizes U eff .
The coarse-grained energy is identified as U eff (its appropriately rescaled version is its "Γ-limit"). Its minimizers consist not only of all possible limits of ground states, but also include limits of all possible "near ground states" with energy equal to the minimum at leading order. More generally, states (u, w) → (u eff , w eff ) satisfying
are distinguished as optimal to leading order amongst those consistent with the effective state. The existence of such "recovery sequences" is equivalent to U eff being the largest possible asymptotic lower bound. The reader may note the terminology is consistent with the recovery sequences described in Section III A 2.
a. Highly stiff substrate (γ k). We begin by establishing the expansion (S8). When the substrate is significantly stronger than the surface tension, the out-ofplane displacement w ≈ 0. Indeed, any non-trivial effective out-of-plane displacement displacement w eff = 0 produces substrate energy per unit area u sub KW 4 /R 2 . This is significantly larger than the anticipated u eff ∼ γ eff W 2 /R 2 when γ k and so can be ruled out. It is similarly straightforward to understand why ε eff ≤ 0, since if the limit fails to be tension-free there must be stress σ geom γ eff according to (S3). The primary task is to expand the energy U of states (u, w) → (u eff , 0) with ε eff ≤ 0. Of course there are many such sequences but, as we are coarse-graining by Γconvergence, we shall only treat those making U as low as possible for the given effective state. First, we estimate U from below. Integrating the calculus identity
after discarding non-negative, higher order, and other such harmless terms. Using (S1) to take the trace of the statement that ε → 0 in any asymptotically isometric limit reveals the expansion
after applying (S10). Combining the previous two lines (S11) and (S12) with the definition of the effective tension γ eff = 2 √ BK + γ lv produces the lower bound
regardless of how (u, w) → (u eff , 0). Of course, the true energy U of a more or less arbitrary state (u, w) ≈ (u eff , 0) may be much larger than the lower S8 bound γ eff ∆A just established. Nevertheless, an optimal piecewise herringbone pattern defines an asymptotically isometric recovery sequence (u, w) → (u eff , 0) for each ε eff ≤ 0, meaning here that its energy satisfies
This verifies optimality of the lower bound (S13) and establishes the expansion (S8). That the sequence is asymptotically isometric is readily checked using the estimates from [1] . Its stretching energy per unit area obeys b. Moderately stiff substrate (γ ∼ k). When substrate and surface tension forces are comparable the expansion (S9) applies for reasons we explain now. The same argument as before shows that ε eff ≤ 0, as if the limit is not tension-free there must arise a stress σ geom γ eff as well as KW 2 due to (S3) and the condition of a moderately stiff substrate.
Continuing, we note that 2 √ BK γ lv ≈ γ eff throughout the present regime. So, to expand the energy of states (u, w) → (u eff , w eff ) it will be enough to keep track of the substrate and surface terms. These satisfy
and therefore
for general states (u, w) → (u eff , w eff ). That the bound is optimal can again be checked using a piecewise herringbone to perturb about tension-free (u eff , w eff ). We emphasize that the out-of-plane part w eff need not vanish at this step, even if eventually upon minimization it does. As this possibility is not treated explicitly in [1] , we explain how to build the required perturbation. Define the in-and out-of-plane displacements
where the oscillatory variables v p.h. and ξ p.h. describe an optimal piecewise herringbone. The estimates in [1, Sect. 3] then show that the resulting strain
The stretching energy per unit area u stretch σ 2 p.h. /Y with stress σ p.h. = N −1/2 σ geom as before. The term ∼ ξ p.h. ∇∇w p.h. enters at higher order. The bending energy u bend ∼ √ BKW 2 /R 2 , while the remaining terms u sub + u surf ∼ (KW 2 + γ lv )W 2 /R 2 . Both stretching and bending are negligible as anticipated (here we use (S7) to control u stretch ). Hence, the perturbation is asymptotically isometric with energy
indicating it is a recovery sequence. The lower bound (S14) is optimal and the expansion (S9) is proved.
c. The maximum coverage problem. All that remains is to show that minimizing the leading order terms in (S8) and (S9) drives w → 0. In fact, we only need to check that this holds for a moderately stiff substrate (γ ∼ k) since w eff = 0 appears already as a constraint in (S8). So, we consider the coarse-grained problem
implied by (S9). If an admissible tension-free (u eff , w eff ) has some non-trivial out-of-plane part, then the projected displacement (u eff , 0) is both tension-free with
and obtains the strictly smaller coarse-grained energy
Therefore, solutions of (S15) must have w eff = 0 and the maximum coverage principle is proved.
Summary. We have shown in a pattern-independent coarse-graining by Γ-convergence that (i) any sequence of ground or near ground states (u, w) → (u eff , w eff ) satisfies U ≈ γ eff ∆A, ε eff ≤ 0, and w eff = 0
where u eff achieves maximum coverage minimizing the areal change ∆A = A init − A proj amongst all tensionfree effective states and, moreover, (ii) all solutions of the maximum coverage problem arise as limits of near ground states having minimal energy at leading order. Implicit in our argument was a proof that the Gauss-Euler elastica (S5) yields a correct leading order description of ground and near ground states. Due to our use of piecewise herringbones to construct nearly optimal perturbations about an a priori unknown effective state, these results are only presently known to hold under the further technical hypotheses in the paragraph around (S7) beyond the initial regime (S3). This is with the notable exception of the case of a negatively curved disc, whereupon combining the results of [10] with our solution of the maximum coverage problem to follow, we can conclude the validity of (i) and (ii) in the part of (S3) having very weak tension γ lv 2 √ BK and a strong substrate KR 2 Y up to logarithmic corrections. We wonder exactly to what extent the Gauss-Euler elastica and maximum coverage problem predict the patterns formed by confined elastic shells. 
∆A
(S16) arises from coarse-graining the energy U . There, we explained under suitable hypotheses how the displacements (u, w) → (u eff , 0) while alleviating whatever effective strain ε eff = e(u eff ) − 1 2 M develops. Naturally, to determine the effective in-plane displacement u eff one can consider minimizing its implied energetic cost ≈ γ eff ∆A, and this is precisely what (S16) is asking to do. The remainder of this supplementary text offers an in depth look at how to solve the maximum coverage problem for general planforms Ω and misfits M (x).
We begin by introducing a tensor dual to the effective strain called the "locking stress" σ L (x). Our idea is simple: a highly wrinkled shell should behave as one of Prager's ideal locking materials [15] since its effective strain must remain tension-free (≤ 0). As such, it should admit a locking stress whose structure reflects that of the effective strain, whence the patterns. We start in Section III B 1 by producing a variational principle for σ L . Section III B 2 derives its first order optimality conditions resulting in the crucial orthogonality of σ L and ε eff . Using it, we introduce our method of stable lines in Section III B 3, the primary conclusion of which is as follows:
The out-of-plane displacement w of any ground or near ground state obeys
(S17)
The unit vector fieldT (x) denotes a principal direction of positive locking stress. We call curves passing parallel to it "stable lines". Of course, this conclusion is contingent upon the statement that the maximum coverage problem governs the effective displacement of the shell (this was the subject of Section III A). In any case, one may always try to plot the stable lines of a shell to see what they predict, and this is exactly what we have done in Figures 1 and 2 of the main text.
The locking stress
The maximum coverage problem (S16) is a constrained optimization taking in only those displacements u eff (x) for which ε eff (x) ≤ 0. Rather than solving it directly, we instead invoke a Lagrange multiplier formulation with the goal of solving for the multiplier first. It will turn out to be the anticipated locking stress σ L (x) whose structure reveals that of the effective strain.
The first step is to introduce a Lagrange multiplier for the tension-free constraint. Observe that
meaning that the given ε eff is tension-free exactly when its integral against σ L is non-positive for all nonnegative two-by-two symmetric tensors (not yet the locking stress). With this, we can rewrite the maximum coverage problem in its Lagrange multiplier form
L using the Lagrangian
The min-max problem indeed recovers the maximum coverage one, since if u eff admits some σ L for which the integral is > 0, then by scaling its amplitude we can drive the max → +∞. The role of the maximization is nothing other than to enforce the tension-free constraint. Now the key point: by switching the order of operations between min and max we can identify the dual locking stress problem for σ L . To prepare, note by the formula (S10) for the areal change that
where the last term can be rewritten using the divergence theorem as
Minimizing the righthand side amongst all u eff , we see it is possible to drive it → −∞ unless div σ L = 0 in Ω and σ Lν =ν at ∂Ω (S20) in which case it vanishes regardless of u eff . It follows by the same reasoning as before that
yielding the desired locking stress problem on the right. Its solution, when it exists, defines the locking stress σ L (x) of an effectively planar shell.
S10
A few words are in order on the relation between the maximum coverage (min-max) and locking stress problem (max-min) just derived. First, on the claimed duality between the two, we note that indeed
both in the literal sense that their optimal values are the same, as well as in the sense that there is a correspondence between solutions ε eff and σ L . Unfortunately, the formal "minimax" argument given above does not suffice to conclude (S21), as without further structural hypotheses on the Lagrangian only min max L ≥ max min L holds. In the present context, however, we can appeal to the bilinearity of L to apply one of various "minimax theorems" showing that min max L = max min L (we use the one by Fenchel and Rockafeller in [1, Sect. 4] ). This proves the duality (S21). Its importance manifests in the orthogonality relation it implies between solutions ε eff and σ L , which we derive in Section III B 2 and again in Section III C 1 in an Airy potential formulation. Second, on the existence of optimizers and the definition of locking stress, we point out that the situation is more subtle than one might initially suspect. While tension-free u eff minimizing ∆A do always exist, there are simple counterexamples (e.g., positively curved discs) in which no admissible σ L attains the maximum in (S21). This is due to the following phenomena: a "maximizing sequence" driving the integral up to its largest value can (i) exhibit a loss of the ill-posed boundary condition σ Lν =ν, and (ii) develop singular behavior wherein σ L concentrates along curves. In the example of the positively curved disc both situations occur (every such sequence tends to zero in its interior while concentrating as rê θ ⊗ê θ at its boundary). Fortunately, as established in [1, Sect. 4] , locking stresses can always be defined as limits of maximizing sequences. Rather than dwell on this further, we refer the interested reader to the reference and instead prefer to keep the discussion as intuitive as possible by simply speaking of σ L (x) as a "solution" of the locking stress problem. The reader wishing to see a wellposed version for which maximizers are directly guaranteed to exist should read on to Section III C 1 where the offending boundary condition is relaxed.
Orthogonality of stress and strain
We proceed to derive the orthogonality of the locking stress σ L and effective strain ε eff . As will become clear in the pending discussion of stable lines, this is the key to understanding the layout of the patterns. Whereas general admissible σ L and ε eff satisfy
optimizers can be identified with the case of equality due to (S21). A direct proof of (S22) can be given revealing the desired relation. Rearranging (S18) and applying the admissibility criteria (S20) we find that
where the absolute value comes from known signs. Thus, admissible ε eff and σ L are optimal if and only if
This sort of orthogonality condition is known as "complementary slackness" in convex duality. It plays the role of the Euler-Lagrange equations for the (constrained) maximum coverage and locking stress problems. Although such orthogonality may seem strange from a Hookean point of view, it is consistent with the modeling of ideal locking materials initiated by Prager as a theoretical possibility opposite to perfect elasto-plasticity [15] . A similar orthogonality arises in the Lagrangian treatment of constraining forces (e.g., bead on a hoop), and indeed σ L was introduced as a Lagrange multiplier. We proceed to its use for determining wrinkle patterns.
The method of stable lines
The facts just derived regarding the locking stress σ L and effective strain ε eff = e(u eff ) − 1 2 M set serious restrictions on the patterns. At the most basic level, where one is of full rank the other must vanish as they are orthogonal. Where σ L is of full rank, ε eff = 0 but this is impossible where the misfit is incompatible, i.e., where κ = − 1 2 curlcurl M = 0. It is, of course, entirely possible that the ranks of σ L and ε eff are both one, and this is the situation where wrinkles or some other locally onedimensional pattern occurs. It is also possible that ε eff be of full rank so that σ L = 0; the converse is, however, less clear as just because σ L vanishes it does not necessarily imply that a two-dimensional pattern must form.
Nevertheless, we refer to the portion of the shell where σ L = 0 as "disordered" as that is where the experiments and simulations exhibit a generically statistical response. Likewise, we refer to the portion where σ L = 0 as "ordered", since there patterns are locally one-dimensional with peaks and troughs approximating curves we call "stable lines" -curves passing by definition through the principal direction of positive σ L . Where σ L is smooth stable lines must remain straight. Where it is singular, their direction can sharply change.
To explain all this in more detail we start by noting that in any asymptotically isometric limit where, necessarily, ε → 0 the approximation
S11
holds to leading order by (S1). Taking the inner product against the locking stress yields
since e(u) → e(u eff ) and we are working in a limit where w eff = 0. The inner product on the right vanishes due to the orthogonality relation (S23). Thus,
Now supposeT (x) is a principal direction of positive locking stress, meaning that σ L (x) ∼T (x) ⊗T (x). Setting this into (S24) shows thatT · ∇w → 0. In other words,
exactly as asserted in (S17). Leading order deviations to this rule cost significant amounts of energy, so we think of it as an asymptotically stabilizing effect. We complete the present discussion by deriving a general classification scheme for wrinkle patterns via their stable lines. First, we explain why any curve parallel to a principal direction of positive σ L must be straight. Locally, at least, an Airy potential ϕ can be introduced solving σ L = ∇ ⊥ ∇ ⊥ ϕ. Where σ L is rank one, det ∇∇ϕ = 0. It follows that the graph of ϕ describes a developable surface, i.e., one whose Gaussian curvature vanishes identically and is made up of ruling lines [16, 17] . Projecting these to the plane yields the stable lines. Pursuing this one step further, we note that there are exactly three classes of smooth, non-planar developable surfaces, given by cylinders, cones, and tangential developables (with ruling lines tangent to a space curve). Upon projection we recover the analogous three classes of stable lines. We turn to explain how the solution of σ L can be simplified by the introduction of an Airy potential in the large.
C. Solution of the locking stress problem for simply connected shells
The previous section derived the locking stress problem
as dual to the maximum coverage one (S16). Together, these govern the leading order features of effectively planar shells. Locking stresses are, however, in general only defined as limits of maximizing sequences due to the illposed boundary condition σ Lν =ν. This procedure can often be difficult to implement in practice, so here we consider the possibility of passing to a "relaxed" formulation in which maximizers are directly defined. Section III C 1 derives the relaxed locking stress problem for simply connected shells (lacking holes), using a change of variables from σ L (x) to a class of Airy potentials ϕ(x). Following this, we discuss various techniques for producing optimal ϕ in Section III C 2 and Section III C 3. The methods we describe are generally appropriate when the Gaussian curvature κ(x) is either everywhere positive or negative. The reader may note that each of the examples appearing in Figures 1-3 of the main text verify these constraints -see, however, the discussion around Figure 4a ,b for relevant questions.
The relaxed Airy potential formulation
Introduce an Airy potential ϕ(x) by setting
into the locking stress problem (S25). Boundary conditions must be determined that are both general enough to guarantee the existence of optimizing ϕ, while not so general that their relation with σ L is lost. Due to our assumption that the shell is simply connected, it will turn out to be appropriate to enforce that ϕ = 1 2 |x| 2 andν · ∇ϕ ≤ν · x at ∂Ω.
Note the inequality permits possible singular behavior in the boundary values of the locking stress, associated with the loss of the ill-posed boundary condition σ Lν =ν anticipated in Section III B 1. Of course, we must still have that σ L ≥ 0 throughout, and hence ∇∇ϕ ≥ 0 equivalent to the local convexity of ϕ. The boundary conditions (S26) facilitate extending ϕ to the plane by setting it equal to 1 2 |x| 2 outside Ω. The result is that we can simply require it to be convex in the usual sense, i.e.,
whenever x, y ∈ R 2 and 0 ≤ θ ≤ 1. Thus we relax the initial set of admissible σ L in the ill-posed formulation (S25) to the strictly larger set generated by convex extensions ϕ of 1 2 |x| 2 into Ω. We claim now that this captures all possible locking stresses of simply connected shells.
The crux of the matter is to show that optimizing over σ L following (S25) produces the same maximum as optimizing over the admissible ϕ just defined. That is, we seek the equality S12 max
between the original ill-posed locking stress problem and its relaxed Airy potential formulation on the right. Let us highlight the main points now. Since κ = − 1 2 curlcurl M , an integration by parts shows that
so long as equality holds in both parts of (S26). This is the case for the initial admissible σ L , and as maximizing over a more general class never decreases the result the maximum on the right of (S27) is at least as large as the one on the left. An integration by parts using the relaxed boundary conditions (S26) shows the opposite inequality holds. Together, these yield (S27). Existence of an optimal ϕ is guaranteed by the so-called direct method of the calculus of variations; see [1, Sect. 4] for the details. The Airy potential formulation of the locking stress problem just derived has many advantages over the original one. Not only does it always possess a solution ϕ(x) thereby allowing to directly compute the locking stress, its form makes explicit the role of the sign of the curvature κ(x) and this is the focus of Section III C 2 and Section III C 3. First, however, we produce the relaxed version of the crucial orthogonality relation (S23) between the locking stress and effective strain.
Optimality of ε eff and ϕ is characterized as the case of equality in the general inequality ∆A ≥ Ω ϕ − 1 2 |x| 2 κ due to (S27). A similar integration by parts as underlies (S23) shows that
with absolute values coming from known signs. Hence, ε eff and ϕ are optimal if and only if they satisfy the relaxed complementary slackness conditions
While we recognize the first condition as a rewrite of the orthogonality in (S23), the second condition is new and reflects a possible concentration of the locking stress at the boundary ∼ν · (x − ∇ϕ)τ ⊗τ whereν andτ are the outwards pointing normal and tangent vectors. Keeping track of such singularities turns out to be crucial for recovering the displacements of certain (positively curved) shells. We return to this later on in Section III D.
Solutions and geometric constructions, positive curvature
Having passed to the relaxed Airy potential formulation of the problem, we turn to consider its solution for locking stresses and stable lines. Stable lines are always defined in the ordered region σ L = ∇ ⊥ ∇ ⊥ ϕ = 0 as lines along which an optimal Airy potential ϕ(x) is affine while in a transverse direction it is not. Indeed,
whereT (x) denotes a principal direction of locking stress and ∂T =T · ∇ a derivative along the stable lines. Disorder restricts to where ϕ(x) is locally affine, as the locking stress σ L = ∇ ⊥ ∇ ⊥ ϕ = 0 there. There are two extreme cases in which an optimal Airy potential is most easily found: when the curvature κ(x) is either everywhere positive, or when it is everywhere negative. Starting with the first case, we note that when κ > 0 producing the locking stress is equivalent to finding the largest convex extension ϕ + of 1 2 |x| 2 into Ω, i.e.,
Indeed, this sets an upper bound on all other convex extensions while it is one itself. Thus, ϕ + is the unique maximizer of the integral on the righthand side of (S27). Note this holds even when κ(x) is not constant so long as it is > 0; moreover, in the case that κ(x) vanishes somewhere but is still ≥ 0, ϕ + remains optimal. Actually, it is not so difficult to determine the largest convex extension ϕ + so long as the planform Ω is reasonably defined. Consider, for instance, the class of shells with "tangential polygon" planforms Ω = P which, by definition, are polygons having an inscribed circle C ⊂ P . Define the points of tangency of C with ∂P to be the vertices of the planform's "contact polygon", P . The contact polygon is precisely where σ L = ∇ ⊥ ∇ ⊥ ϕ + = 0, and it is predicted to be (generically) disordered. Outside P , ϕ + is affine upon restriction to line segments parallel to its sides: these are the stable lines predicting wrinkle peaks and troughs. The "inscribed circle" or "contact polygon" construction just described underlies several of the positively-curved predictions in Figures 1 and 2 of the main text. Representative stable lines are plotted in blue alongside contact polygons in white. Dotted blue lines reflect the important point that we neglect a small tensional rim when inscribing the circle C into P . A detailed study of this rim is the subject of ongoing work. For questions regarding its sensitivity to perturbations see Section III F.
Even if the planform is not a tangential polygon, it may still admit a family of maximally contained circles whose extremal ones set the response. This is the case, in particular, for a rectangle which admits a one-parameter family of maximal circles and two extremal ones towards its short sides. The associated contact polygons, with obvious definitions, have σ L = ∇ ⊥ ∇ ⊥ ϕ + = 0 and the wrinkle pattern is recovered outside them by drawing stable lines parallel to their sides along which ϕ + is affine. Other, more general positively curved shells can be similarly solved, even if their patterns do not follow such simple inscribed/extremal circle rules. Looking back to Figure 2 in the text, we see that while the half-disc is tangential in that it admits an inscribed circle, the associated construction does not explain the wrinkle pattern that results -of course, the half-disc is not a polygon. Instead, circumscribing a circle and describing a polar coordinate system about a symmetrically disposed point on the "ghost" arc reveals the wrinkle direction and stable lines (parallel to the angular and radial directions, respectively). The same construction also applies to circular planforms with a strip removed, see Figure S3b .
In lieu of geometric intuition, one can always deduce the largest convex extension ϕ + by carrying out the following minimization routine: given x ∈ Ω, This describes an optimal partitioning of the shell into ordered and disordered parts. Figure S2 depicts three admissible partitions for a square with the optimal one on the far right. In an admissible partition, candidate stable lines fill out the candidate ordered part generated by points x described using pairs {y i } 2 i=1 . The leftover candidate disordered part is convex, being generated by points x described via triples
Optimizing over all such partitions as per (S29) yields the true stable lines.
Solutions and geometric constructions, negative curvature
In the negatively curved case κ(x) < 0, it is the smallest convex extension ϕ − (x) of 1 2 |x| 2 that solves the locking stress problem setting the patterns. Indeed, any other extension is bounded below by ϕ − (x) := min ϕ(x) : ϕ is a convex ext. of 1 2 |x| 2 which is an admissible Airy potential itself. So, when the curvature is negative the integral on the righthand side of (S27) is maximized precisely by saturating this lower bound. Again, this does not require κ(x) to be constant but only to be < 0; ϕ − is still optimal when it is ≤ 0. We now produce the locking stresses and stable lines of negatively curved shells. This time, there is a ubiquitous solution procedure independent of the simply connected planform Ω. It is conveniently encoded in the definition of the "boundary distance" function
Differentiation yields the locking stress
in regions where the boundary distance function is smoothly defined. We note ϕ − is affine along lines of closest approach of points x ∈ Ω to the boundary ∂Ω, which are parallel to ∇d ∂Ω . That is, the direction of steepest ascent of d ∂Ω is a principal direction of positive σ L and the lines of closest approach are the stable lines. They extend perpendicularly from the boundary of the planform and meet at its "medial axis" or "skeleton"
There, ∇d ∂Ω is not defined and σ L concentrates. Disorder is ruled out. We have thus arrived at the striking conclusion that wrinkles for negatively curved shells solve the famous minimum exit time problem, a problem familiar from optimal control theory and geometric optics. These predictions for the wrinkle patterns of negatively curved shells are shown in the corresponding parts of Figures 1 and 2 of the main text. Similarly to the tensional rim in the positively curved case, we observe a larger tensional core for negatively curved shells. The core contains the medial axis in our experiments and simulations. Its size in a related radially symmetric setup was studied in [10, 18] . Here, we have produced a method for determining its general location and shape. Having developed the theory of locking stresses for effectively planar shells, we now return to the coarsegrained maximum coverage problem (S16) to show how the effective strain ε eff and accompanying displacements can be recovered from knowledge of stable lines. The key concept put forth here is that of the "defect measure" µ(dx) := ∇w ⊗ ∇w of an elastic pattern. The angle brackets · indicate a notion of asymptotic averaging over small scales to be made precise. Determining the defect measure of a pattern is the first step in approximating its amplitude w beyond the statement that it vanishes to leading order. S14 Section III D 1 introduces defect measures at the level of generalities for effectively planar shells. Then in Section III D 2 we derive a variational principle and boundary value problem they satisfy. Various properties of elastic patterns can be deduced. For instance, we explain in Section III D 3 how to rule out the meeting of ordered wrinkles where the Gaussian curvature κ ≥ 0. The reader looking for a concrete example should see Section III E where we solve for the defect measure and displacements of a positively curved ellipse.
Defect measures and asymptotic isometries
Our starting point is the question of how to pass to the limit in the statement that asymptotic isometries have vanishingly small strain, i.e.,
Of course, the effective strain ε eff = e(u eff )− 1 2 M need not vanish due to the presence of geometric incompatibilities. Since ε eff ≤ 0, the deviation ε − ε eff tends towards a non-negative quantity. Where it is other than zero some pattern forms. The notion of defect measure µ(dx) serves to make its limiting features precise.
Referring back to Section III A and in particular (S12) and (S13), we see that states (u, w) → (u eff , 0) with energy scaling as the minimum must satisfy Ω |∇w| 2 1, meaning that their out-of-plane displacement gradients are bounded a priori in mean-square. This permits defining the "defect measure" µ(dx) of the accompanying pattern through the limiting procedure ∇w ⊗ ∇w ∇w ⊗ ∇w := µ(dx)
where the half-arrow indicates the following "asymptotic averaging" operation: exchange the limit γ eff → 0 for an integral against a non-negative two-by-two symmetric tensor µ(dx) satisfying
regardless of the choice of "test" field ζ(x). The exchange can be thought of in analogy with the use of ergodicity to relate space and time averages, with the limit playing the role of a long-time evolution and the choice of test field representing a particular statistic that is preserved. Here it suffices to test against continuous ζ vanishing at the boundary of the shell (this defines the so-called weak- * convergence used in [1] ). Defect measures are only one of many such devices that have been developed to describe patterns governed by nonlinear partial differential equations (see, e.g., [19] ). The terminology is nicely illustrative of an analogy between elastic patterns and material defects such as voids, each of which provides a route to accommodating effective strain.
With the defect measure µ in hand, we can now easily obtain from (S30) the limiting isometry equation
This important equation makes precise the coupling between elastic patterns and effective strains. The notation dx reminds that defect measures are defined both for "continuous" and "singular" patterns, reflecting the distinct possibilities of wrinkles where material accumulates in a diffuse manner across the shell, or folds where material collects along distinguished curves (the latter is marked by a singular, Dirac-like concentration in µ).
One of the results of the ensuing analysis is to rule out the existence of folds in the ordered region of shallow shells. This is consistent with our use of the von Karman-like expression for the strain in (S30), which can be expected to fail when the misfit M becomes too large. For examples of folds in non-shallow shells see [20] .
A boundary value problem for defect measures
Here we derive a boundary value problem characterizing the defect measures µ(dx) of effectively planar shells. First, we identify a variational principle they satisfy. The key is to relate the "mass" of the defect measure to the areal change ∆A from the maximum coverage problem (S16). Taking the trace of the limiting isometry equation (S32) and using (S10) yields
where | · | 1 indicates a sum of singular values. Minimizing over tension-free effective displacements u eff (x) is the same as minimizing over defect measures µ(dx). For simply connected shells,
where the constraints on µ ensure the solvability of (S32) for tension-free u eff according to the Saint-Venant compatibility conditions for linear strains. Additional integral constraints arise for multiply connected shells. This variational principle has the appealing interpretation of minimizing over compatible patterns. Leveraging the coarse-graining results from Section III A 3 (see page S8 for a summary) we conclude that any optimal µ solving (S33) arises from a sequence of ground or near ground states of the original energy U ; moreover, all such sequences necessarily produce optimal µ.
We come now to the boundary value problem for defect measures. Combining the Saint-Venant compatibility conditions with the complementary slackness conditions (S28) expressed via (S32), we deduce the following powerful result (stated first for simply connected shells): S15 a non-negative two-by-two symmetric tensor µ(dx) ≥ 0 arises as the defect measure of ground or near ground states if and only if
We view (S34) as a boundary value problem for µ with data set by the curvature κ(x), the planform Ω, and the locking stress σ L which of course depends on the first two. The first equation expresses elastic compatibility -with asymptotic isometries -and reflects Gauss' Theorema Egregium at the level of the patterns. The second and third equations comprise the full set of complementary slackness conditions equivalent to the optimality of ϕ and µ (likewise σ L and ε eff ). As usual,ν andτ denote the outwards pointing normal and tangent vectors at ∂Ω. We have stated (S34) for simply connected shells to keep the exposition tight. There is a multiply connected version as well. The first equation must be altered to account for holes, as is usual with compatibility conditions. The second equation remains the same. The third equation must be restated and becomes (σ L )ττ µττ = 0 at ∂Ω (S35)
for general shells. The coefficient records the tangential boundary component of the concentrated part of σ L . It can be evaluated as (σ L )ττ =ν · [∇ϕ] where [·] reports the value of a jump. For multiply connected shells, the Airy potential ϕ differs from 1 2 |x| 2 outside Ω up to a locally affine function. In the simply connected case, we may simply take ϕ = 1 2 |x| 2 outside Ω as only its second derivatives enter in the locking stress. This leads to the formula (σ L )ττ =ν · (x − ∇ϕ) and recovers (S34). The reader may note that this choice is what underlies the relaxed boundary conditions (S26).
Various striking conclusions can be drawn regarding elastic patterns using the boundary value problem just derived. If, for instance, it turns out that for some curvature κ and planform Ω only a single solution µ exists, one would learn that all ground and near ground states agree to leading order. If instead multiple solutions exist, there would exist multiple distinct near ground states. In the presence of stable lines we have established certain partial uniqueness results showing, essentially, that all solutions µ agree upon restriction to the ordered part σ L = 0. We have also shown that they are regular there, ruling out the existence of folds in the ordered part. In the other direction, we have constructed infinitely many solutions for a positively curved disc, using the fact that it lacks any stable lines and is (generically) totally disordered. Thus, a positively curved disc admits infinitely many distinct near ground states. The question remains whether there are as many ground states. See [1, Sects. 5, 6] for various precise statements of these results.
On the sign of curvature where ordered wrinkles meet
A key realization permitting the solution of the boundary value problem for defect measures µ(dx) is that it can be treated using the method of characteristics with stable lines as characteristic curves. The method of characteristics is a classic method for solving partial differential equations by reducing them to ordinary differential equations along curves (see, e.g., [21] ). Our fundamental realization is that the stable lines of an effectively planar shell -its asymptotic wrinkle peaks and troughsare nothing other than characteristic curves for Gauss' Theorema Egregium at the level of µ.
To demonstrate the power of this idea, we show now how to rule out the meeting of distinct families of ordered wrinkles transverse to any interior curve Σ ⊂ Ω where the curvature κ(x) ≥ 0. This is consistent with the appearance of distinguished curves where wrinkles meet in negatively curved shells (the medial axes in Figures 1 and 2 of the main text). It also helps explain the appearance of "leftover" parts not filled by orderly wrinkles in generic positively curved shells. The result is, of course, far more general than these examples as it holds without any assumptions on κ away from the curve.
To prove it, we simply need to ask what is implied by the system (S34) where distinct families of ordered wrinkles meet. We understand the statement that they belong to "distinct families" to mean that their stable lines descend from a singular Airy potential ϕ. In terms of the locking stress σ L , we mean for it to concentrate along the curve Σ across which the gradient of its Airy potential exhibits a jump [∇ϕ] = 0. We note it would be too restrictive to simply assume that the direction of wrinkling changes sharply at Σ (here, we have in mind the middle part of the negatively curved rectangle from Figure 2 of the main text).
Recall stable lines are defined in the ordered part σ L = 0 as lines passing through a principal direction of positive locking stressT (x). The asymptotic wrinkle direction is perpendicular to the stable lines as was shown in Section III B. Hence, µTT =T ⊗T : ∇w ⊗ ∇w = |T · ∇w| 2 = 0 yielding for the full defect measure
where again · denotes the asymptotic averaging defined in (S31). Orient the stable lines to point away from Σ thereby fixing the direction ofT . Applying the method of characteristics to the first part of (S34) then yields the ordinary differential equation The shorthand ∂T =T · ∇ denotes a directional derivative along stable lines. The term (x) > 0 is a changeof-variables factor arising in a passage from the original S16 Euclidean coordinates to ones adapted to the lines. It can be determined by solving the equation
involving their "splay" divT . Now we invoke the assumptions of distinct families and transversality. As a result, the locking stress σ L concentrates ∼ν Σ · [∇ϕ]τ Σ ⊗τ Σ = 0 along Σ, whereν Σ denotes a unit normal to this curve. The tangent directionτ Σ remains non-parallel toT , since otherwise the wrinkles do not meet Σ transversely. Manipulation of the first and second equations in (S34) yield the matching conditions
the coefficients of which were just shown to be non-zero.
Combining this with (S36) yields the Taylor expansion
Evidently, µT ⊥T ⊥ and κ are of opposite signs. Where there is a pattern, µT ⊥T ⊥ = |∂T ⊥ w| 2 > 0. Hence, κ < 0 along curves where ordered wrinkles meet. If κ ≥ 0 no such meeting can occur. See [1, Sect. 5] for more details, including an analysis leading to the same conclusion that κ < 0 where ordered wrinkles meet at a point.
E. Worked example: a positively curved ellipse
When a positively curved ellipse is pressed into the plane, it responds with a pattern of wrinkles propagating along a constant direction with amplitude as shown in Figure 3 of the main text. This section shows how to deduce the response by applying the methodology developed above. Numerous other worked examples can be found in [1, Sect. 6] . We assume the reader is familiar with the concepts introduced in Section III A-Section III D, namely the effective strain ε eff (x) = e(u eff ) − 1 2 M with misfit M , the locking stress σ L (x), its convex Airy potential ϕ(x), and finally the defect measure µ(dx).
Consider a shallow shell with an elliptical planform
Take > 1 so that the x 1 -coordinate runs along the major axis of the ellipse. We are interested in determining the pattern (or, in principle at first, patterns) that arise when the shell is pressed flat. The first step is to determine the stable lines throughout the ordered part. Once these are known, the pattern is set and the displacements of the shell can be found.
Solving the locking stress problem -either in its original ill-posed form (S25), or in its relaxed Airy potential form for simply connected shells in (S27) -we find that the locking stress of a positively curved ellipse satisfies
throughout the planform E. It also concentrates at ∂E, a fact we will return to clarify later on below. The ellipse presents a completely ordered response with stable lines parallel to its minor axis. These claims follow from the results of Section III C 2 as we briefly explain. Since κ(x) > 0, the optimal Airy potential is the largest convex extension ϕ + of 1 2 |x| 2 into E, with the explicit formula
The following geometric construction permits a simple proof: identify the ellipse E as a tangential region with inscribed circle C centered at its origin x = 0. The contact region built from where C contacts E degenerates to its minor axis, and the remainder is covered by lines parallel to it. This is enough to verify (S38) and (S39). Of course, the formal argument involves checking the optimality of the proposed stable lines via (S29), but this is not so difficult to do with the picture in mind. Next we determine the amplitude of the response. To leading order, the out-of-plane displacement w(x) ≈ 0 as explained in Section III A 3 c. Here, we compute its defect measure µ(dx) = ∇w ⊗ ∇w which is coupled to the effective strain via ε eff + 1 2 µ = 0, see (S32). Again, the brackets · denote an asymptotic averaging over small scales. We think of µ as providing the mean-square amplitude of w asymptotically up to a rescaling as w → 0. Using that the locking stress and effective strain are orthogonal as per (S23), it follows here that
Therefore, µ 22 = |∂ 2 w| 2 = 0 reflecting an arrangement of stable lines parallel to the principal direction of locking stressê 2 . The full defect measure takes the form
with its only non-zero component µ 11 = |∂ 1 w| 2 being governed by the first and third equations in the boundary value problem (S34). (The second equation was used when we invoked the orthogonality of stress and strain.) These can be solved using the method of characteristics as anticipated in Section III D 3. Before getting to specifics, let us outline the general approach. First, we recall from (S36) that the partial differential equation in (S34) can be rewritten as the ordinary differential equation
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The vector fieldT (x) is a principal direction of locking stress, i.e., a direction parallel to the stable lines. The parallel and perpendicular components of µ satisfy µTT = |∂T w| 2 = 0 and µT ⊥T ⊥ = |∂T ⊥ w| 2 > 0 with the strict inequality indicating a pattern. Integrating (S41) yields a formula for µT ⊥T ⊥ once appropriate boundary conditions are supplied. In the present positively curved example stable lines extend between boundary points. Generally speaking, in such a situation we can apply the third part of (S34), or (S35) in the multiply connected case, to deduce that
whereν andτ are the outwards pointing unit normal and tangent vectors. This is completely analogous to the matching conditions (S37), which apply in cases of negative curvature where stable lines meet in the bulk. The term (x) > 0 is a change-of-variables factor satisfying ∂T = divT . So long as the coefficients in (S42) are non-zero, µT ⊥T ⊥ = 0 at ∂Ω. Combining this with (S41) produces a more or less explicit formula for µ.
Back to the positively curved ellipse. Recall its locking stress was shown in (S38) to have the principal positive directionT =ê 2 dictating parallel stable lines. So, is a constant and, as the lines fill the planform, = 1. Noteν · [∇ϕ] =ν · (x − ∇ϕ + ) > 0 at the boundary due to (S39), reflecting a concentration in the locking stress ∼ν · [∇ϕ]τ ⊗τ = 0 there. The stable lines meet it transversely so |τ ·T ⊥ | = |τ ·ê 1 | > 0. Thus, the first and third equations from the original boundary value problem (S34) boil, via (S41) and (S42), down to the system
for the mean-square amplitude µ 11 = |∂ 1 w| 2 . This can be easily integrated and combined with (S40) to determine µ uniquely and explicitly throughout. After that, an approximation for w can be produced. The effective in-plane displacement u eff can be recovered from integrating the equation e(u eff ) − 1 2 M = ε eff = − 1 2 µ. We finish by showing how to approximate w in the case that the Gaussian curvature is constant, with κ = R −2 . Integrating (S43) shows that the unique defect measure for a constant positively curved ellipse is
The statement that µ is unique implies that all ground and near ground states are to leading order identical. As µ lacks any Dirac-like part, folds concentrating along curves are ruled out in favor of a diffuse pattern. (In fact, these properties hold for general positively curved ellipses, since (S43) has a unique solution lacking concentration in any case.) The simplest example of an out-ofplane displacement consistent with (S44) has
indicating wrinkles at a wavelength λ and phase φ not specified at this level of description. Fitting these to simulation data yields the theoretical curve (black) in Figure  3 of the main text. Outside of a small rim, the prediction is in excellent agreement with the actual response.
F. Future directions
The methods developed here constitute a general toolkit for deducing the coarse-grained aspects of wrinkle patterns arising in situations of geometrically incompatible confinement. Nevertheless, questions remain and in particular we highlight a need for understanding the sensitivity of wrinkle patterns to perturbations of shape, as well as the appearance of what we refer to as "incidental" order in regions predicted to be disordered otherwise. For other, more mathematically oriented questions we refer to the introduction of [1] . Figure S3a shows a series of experiments with circular and elliptical shells cut out of a spherical cap of fixed radius of curvature. The major axis is kept fixed and the minor axis is made shorter from left to right. The circle on the far left presents a disordered response, while the ellipse on the far right is ordered. The ellipse in the middle shows a disordered response. Thus, although the asymptotic calculations from Section III E predict an ordered response for any non-zero ellipticity, experimentally we find that there is a finite threshold which must be exceeded for ordered wrinkles to appear. This threshold is observed to be comparable to other small yet finite lengths, such as the wrinkle wavelength and the width of the tensional rim. Future work should elucidate the physical balance underlying this transition.
Sensitivity to perturbations of shape
Likewise, Figure S3b shows a series of experiments where a strip is removed from a spherical shell. The leftmost image shows a disc with no strip removed. It exhibits a disordered response. After a threshold amount is cut a transition occurs to an ordered response, wherein wrinkles follow a radial pattern of lines. This pattern is predicted by the circumscribed circle construction (see Section III C 2) albeit for any positive cut. The experiments suggest the shell becomes ordered when the width of the removed strip is equal to that of the tensional rim. S18
Order in generically disordered regions
We sometimes observe ordered, repeatable patterns in regions predicted to be consistent with disorder. Examples appear in Figure 4c of the main text as well as in Figure S4a . Such ordering is, however, observed to be "incidental" in that it is not the generic response. We note it does not contradict our theoretical predictions concerning the possibility of disorder where the locking stress σ L = 0, as when this occurs the energy of the shell is shown to be insensitive to the local direction of wrinkling at leading order. This indicates, though does not immediately prove, the possibility of a multitude of ground or near ground states corresponding to distinct defect measures. We highlight the case of a positively curved disc, which is known to exhibit infinitely many near ground states [1, Sect. 6] .
One wonders under what circumstances incidental order presents. Empirically, we find that it occurs when the wrinkle wavelength is not well-separated from the width of the potentially disordered region. Figure S4b shows a central region with more disorder than the analogous region in Figure S4a , which is presumably brought on by the larger ratio of its width to that of the wrinkles. An exploration of this should be the subject of future work.
IV. MATERIALS AND METHODS

A. Film preparation
We spin-coat solutions of polystyrene in toluene onto glass substrates of various positive and negative Gaussian curvatures. Film thickness is varied by changing the polymer concentration (1 to 5% by mass) and spinning speed (2000 to 4000 rpm). Different shapes are cut out using a metal scribe. After preparing the glass substrates with a thin layer of poly(acrylic acid), the films are released by dissolving this sacrificial layer in water. The films are finally transferred to a pure water-air interface. Following the experiments, each film is captured and its thickness is measured using a white-light interferometer (Filmetrics F3).
B. Finite element simulations
Simulations of shells bonded to a planar liquid substrate without surface tension are performed using the finite element package ABAQUS/Explicit. Four-node thin shell elements with reduced integration (element type S4R) are used. The confining force is specified as a non-uniform distributed pressure load over the surface of the shell, via a VDLOAD subroutine. Free boundary conditions are used. Comparative non-linear geometric finite element analysis using both linearly elastic and neo-Hookean hyperelastic materials show the results are largely independent of the model. Color-coding in the images correspond to vertical deflections from the plane.
C. Parameter ranges
Here we report the parameter ranges of the 111 experiments and several hundred simulations in our study. For specific parameters corresponding to the images in the main text and in Section II, see the tables in Section I and the figure captions, respectively. We use the dimensionless groups (S2) to report the ranges, which we recall for the reader's convenience are the inverse bendability b = BR 2 /Y W 4 , inverse deformability k = KR 2 /Y , and inverse confinement γ = γ lv R 2 /Y W 2 .
Let us comment briefly on the relation between the parameter regime used in our derivation of the maximum coverage problem in Section III A and the tested ranges. While the condition (S3) is satisfied in the experiments and simulations, the extra hypothesis (S7) fails. Nevertheless, the results make clear that the maximum coverage problem captures the wrinkle patterns of confined elastic shells far beyond the validity of this hypothesis. It seems that some even more general route to deriving the maximum coverage problem is yet to be found.
Experimental ranges
The shells are shallow with 0.01 < (W/R) 2 < 0.2 and highly bendable with 4 × 10 −11 < b < 2 × 10 −8 . The substrate has non-dimensional stiffness 0.003 < k < 0.03. Regarding the regime (S3), the experiments satisfy 10 −2 < γ k < 0.7, 10 −6 < 2 √ bk < 3 × 10 −5 , 4 × 10 −4 < γ < 10 −2 , 10 −3 < (b/k) 1/4 < 10 −1 .
Since 2 √ bk + γ ≈ γ the effective tension γ eff ≈ γ lv .
Simulation ranges
The shells are shallow with 0.01 < (W/R) 2 < 0.04 and highly bendable with 7 × 10 −9 < b < 2 × 10 −6 . The substrate has non-dimensional stiffness 6 < k < 40 and the surface tension is zero by design. Regarding the regime (S3), the simulations satisfy γ k = 0, 2 × 10 −4 < 2 √ bk < 2 × 10 −2 , γ = 0, 5.6 × 10 −3 < (b/k) 1/4 < 10 −2 .
The effective tension γ eff = 2 √ BK.
